Over a large range of the axial coordinate a typical higher-branch solution of the rotating-disk equations consists of a chain of inviscid cells separated from each other by viscous interlayers. In this paper the leading-order relation between two adjacent cells will be established by matched asymptotic expansions for general values of the parameter appearing in the equations. It is found that the relation between the solutions in the two cells crucially depends on the behaviour of the tangential velocity in the viscous interlayer. The results of the theory are compared with accurate numerical solutions and good agreement is obtained.
Introduction
During the past decade a number of interesting properties of solutions to the similarity rotatingdisk equations have been established. At present it is known that the solution to the similarity equations for a single disk is non-unique. In fact, Zandbergen en Dijkstra [8] showed by means of adequate numerical techniques that branching of the solution occurs at certain values of the parameter s. Here s denotes the ratio of the tangential velocities of the fluid at infinity and at the disk. According to further investigations [9] there are infinitely many solutions to the problem in a small region near s = 0. When two neighbouring branches are compared it is found that the main difference between the solutions consists of an extra inviscid cell which is built up as the solution proceeds from one branch into the other. Near the disk as well as near infinity the solutions are almost indistinguishable from each other in particular when higher branches are compared.
Over a large range of the axial coordinate a typical higher-branch solution consists of a chain of inviscid ceils separated from each other by viscous interlayers. The solution ends with viscous regions both near the disk and near infinity. In order to get more insight in the structure of a chain of inviscid cells the present investigation was performed.
Solutions of inviscid cell type have been considered earlier in papers by Kuiken [5] , Ockendon [7] and Bodonyi [2] . Kuiken and Bodonyi use one cell only in their work while Ockendon indicated the possibility of a chain of inviscid cells but she did not work out the details of the argument necessary to match one cell with another. To leading order this match of two inviscid cell type solutions will be performed in the present paper and it appears that the behaviour of the tangential velocity in the viscous interlayer is crucial to the nature of the relation between the solutions in the two cells.
The paper by Kuiken [5] has been taken as a starting point for the present work and his
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D. Dijkstra expansion, valid for s = 0, will be generalized to arbitrary values of s. The relation between two adjacent inviscid cell type solutions will be given in the form of a theorem contained in Sec. 4 and in the sequel an inviscid cell type solution will be called 'large hill' because of the shape of the axial velocity in such a cell.
Preliminary analysis
In this section a preliminary consideration is made to obtain an inviscid solution to the equations. The result will be used in Sec. 3 as a starting point for the expansion of the solution. Let f, -f', g respectively denote the non-dimensional axial, radial and tangential velocities and let x be the non-dimensional axial coordinate. Consider the set of differential equations for the rotating disk.
! f'2 _ 292 = _2S 2 ' f" -if" + 2 g"-fg' +f'g =0.
Here, the function f differs by a factor -2 from the one used elsewhere. Suppose that in some region the highest derivatives may be neglected which means that the solution is inviscid in such a region. The system (2.1) then becomes
where the origin x = 0 has been located via the boundary condition on f'. The system (2.2) can be solved exactly and the solution which satisfies the boundary condition is +g=/jf , f=Xcos 2(#x)+c , tt>~0 (2.3) where 2C= -X +~/X2 + 452//22 (2.4) while X and /a are arbitrary constants. The non-negativity of/l does not imply a loss of generality.
From numerical solutions relevant to large inviscid regions (Zandbergen, Dijkstra [4, 9] ) it emerges that X is large and positive while I C I << X. Hence, we choose the upper sign in (2.4) so that 2C= -X +N/~, 2 + 4S2//2 2 = 4s2/la2
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Note that the constant C vanishes at s = 0 and (2.3) coincides with the result found by Kuiken [5] in that case. The present theory is valid for general values of s and therefore constitutes a generalization of the Kuiken theory.
On the basis of (2.3) the individual terms appearing in (2.1) can now be estimated in terms of ~. and/~ as follows f " , g"=O(Xu 3) , s 2 =0(1),
;,2 , g2 , fg, , f,g=O(X2g2), so that the condition ~k/.l 3 < < ~k2/.t 2 ¢~" #/~k "(< 1 (2.6) justifies the negligibility of the highest derivatives f " and g". For extended inviscid regions encountered by Zandbergen and Dijkstra [4, 9] condition (2.6) was found to be satisfied. In particular they observed
which may be written in the form of the following limit X~oo , U -~0÷ , XU 2 ~A > 0 . (2.8)
Note that in this limit the conditions (2.7) and hence (2.6) are satisfied. Although (2.6) is satisfied under less severe conditions on X and 11 we shall restrict ourselves to the limit (2.8) in view of (2.7). Since we will only consider leading-order effects, the constant C given by (2.5) may be replaced by its asymptotic value (for convenience later on), viz.
~= s 2/(~.U 2 ).
(2.9)
In the limit (2.8) this is a finite number and the error [ C -~l i s of order 1/~. With Cin (2.3) replaced by Ewe may state that f(x)=Xcos2(ux)+L " , +~g = u f , ~'=s~/(xu 2) (2.10)
is an inviscid approximation to certain solutions of (2.1) in the limit (2.8).
Solutions of the form (2.10) will be called 'large hills' because of the shape of the function f, which is large while g is much smaller. The range over which the hill extends constitutes one 'cell' given by 136 D. Di/kstra and the longer this range is, the better the approximation (2.10) appears to be.
The parameters X and/a will now be defined in such a way that (2.10) coincides with f(0) andg(0) at the origin. To achieve this we must set f(0) --x + ~' , +_ g(0) = ~e(0), or explicitly
(2.12)
The limit (2.8) is now recovered if
(2.13)
Expansion procedure for large hills
On the basis of the considerations in Sec. 2 we will set up an expansion to approximate large-hill solutions and three terms will be calculated. Suppose that over a certain range of the coordinate x a solution to eqs. (2.1) is of large-hill type as defined in Sec. 2. With origin at the top of the hill (f'(0) = 0) it is assumed that (2.13) holds. The parameters X and ~ are defined by means of (2.12) with _+ = sign (g (0)). At the origin we then have
where ~'is given by (2.9).
As a consequence of (2.13) the limit (2.8) applies and it follows that/a = 0(~-92). In principle, the expansion could be set up in terms of one parameter, but if both X and gt are used the structure becomes more clear. We now rescale the variables in such a way that the large-hill solution (2.10) as well as the cell range (2.11) remain of order O(1) in the limit (2.8):
In terms of the new variables the equations (2.1) and (3.1) become
The inviscid nature of the differential equations now follows from the smallness of/a/X in the right-hand sides, which suggest the following expansion in the limit (2.8)
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(3.4)
Substitution of these expansions into (3.3) produces a hierarchy of problems for the functions F i and G i similar to the structure derived by Kuiken [5 ] :
These problems can be exactly solved (Dijkstra [4A] , Kuiken [5] ) and (3.4) becomes
The simplicity of the second term F 1 ]X is a consequence of the special definition of the parameters X and/~. In addition the second term represents the main effect of the parameter s in the equations (2.1). At s = 0 the constant ~vanishes and in this case the result (3.5) is found to coincide with the result derived by Kuiken [5] . Therefore the present theory is a generalization of the Kuiken expansion. Differentiation of (3.5) yields in terms of the original variables at the origin x = 0:
(3.6)
In the limit (2.8) we also have
Indeed, these relations are found to be valid for the large-hiU solutions encountered in [4, 9] , which checks the consistency of the theory above. Clearly, the approximation (3.5) to the phenomenon which we call a large hill is accurate : ~' +~, +o&,)}.
The leading term ~] is seen to be of the same order as the second term ff/X if ~t = O(X-~A) = O0a). For values of ~l of that order we rearrange (3.9) and multiply by X whence
Inspection of (3.10) shows that if ~1 = O(~) = O(X -v2) the first term is O(1), the second one is O(~a 2 1 n/a) and the third term is O(/12). Hence, a new hierarchy of terms has been constructed with LF and XG of order O(1) provided that ~l//a = O(1). From (3.2) and (3.8) it then follows that appropriate inner variables are
These variables should be used for the description of the solution in a Comparatively small region near Xl = 0 and a matching argument (~1 ~ 0, Xl ~ oo) applied to (3.10) yields the following asymptotic behaviour for the quantities (3.11):
In Fig. 3 .1. a large hill has been depicted and an attempt has been made to visualize the matching argument given above.
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Figure 3.1 Large-hill solution matching at its feet with viscous solutions.
The other foot of the hill (~ =/.tx = +1r/2) can be investigated in the same way and the relevant inner variables are
with asymptotic behaviour
= (~-U x2 + ~¢) + O(/a 2 In/a),
(22
)
/a -~ x2 + ~-3x--T +"" + O(~2 lnta).
Since exponentially small solutions may be added on to (3.14) the continuation of the solution outside the cell for x2 ~ + ~ is non-unique. According to Ockendon [7] there are at least two possible continuations (I and II): 
The viscous interlayer between two large hills
In this section we will consider two adjacent large hills with parameters (Xi,#i)(i = 1,2). The two hills (Fig. 4 .1) are separated from each other by a viscous interlayer and it will appear that the behaviour of the tangential velocity g in this layer is of crucial importance to the relation between the two large-hill solutions. It will be assumed that the limit (2.8) applies to both hills, viz.
Xi~oo , I~i~O ÷ , Xila~ ~Ai>O
where Xi and/a i are defined by (2.12) with f(0) andg(0) replaced by the values at Pi (i = 1,2; Fig. 4 .1). In the limit (4.1) the results of Sec. 3 are valid for both hills and suitable O(1) variables in the viscous interlayer are given by (3.11) or (3.13) with/a replaced by/al or #2 respectively. Of these we will choose (3.11) so that the reference scale of g in the viscous interlayer will be Vl. The appropriate independent variable is the unscaled x-coordinate of which the present origin is located at Po ( These equations are obtained if (4.3) is substituted into (2.1) and the asymptotic boundary conditions are found from (3.12) with (X~) replaced by (Xt ,/A ) and from (3.14) with (X~u) replaced by (X2 ,P2): In other words the quantity f"(x) approaches the same limit as one leaves the viscous interlayer in either direction provided that (4.1) can be applied. As in the case of f0 the asymptotic condition with t ~ +~ uniquely determines the solution ~-for each value of the parameter a >__ 0 and this solution determines the value of p in the asymptotic behaviour for t ~ -~. Hence the problem (4.12) implicitly defines a function p(a)
from which the ratio of the ~i then follows with (4.11). At both ends t --_+ ~ the second derivatives ~"are finite and they will differ in value depending on the parameter a. To leading In case p(a) = 0, the leading-order approximation to the function g(x) becomes exponentially small to the left of Po (Fig. 4.1 Table 5 .1 and graphically represented in 
Approximations to the function p
The asymptotic behaviour of p(a) for large values of a has been derived by Dijkstra [4A] and there holds 
(1

1-~+~ -+
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The quality of this approximation may be deduced from The coefficient c9 was found to be 8 x 10 -9 which is in agreement with the error
Hence, the data in Table 5 .1 for p(a) with 0 ~<a ~< 1 will be recovered to full accuracy if (5.1) is used and it will be clear that the computing time needed by (5.1) is vanishingly small when compared with the time required by (4.12).
Special cases
In this section some special values of a will be considered.
Case (i) a = 0
If the parameter s appearing in the rotating-disk equations (2.1) is set equal to 0, then a defined by (4.11) vanishes and the solution ~-of the problem (4.12) can be written as a confluent hypergeometric function (see The rotating-disk equations
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The quantity Ip(a)l has a global maximum over the range 0 ~< a ~< oo attained at the boundary a = 0 with value 2. From the leading-order match theorem (4.13) it then follows that the ratio Xl/X2 of amplitudes of two adjacent large hills is at most equal to O 2 ---4, while the ratio ~//al of the cell ranges is at most 2. For an application of these results see Sec. 7.
Case (ii) a = 0.44274662.
In this case we have p(a) = -1, so that (4.13) yields X2 = Xl , /22 =/xl if s 2 = 0.44274662(Xl/2~) 4/3.
Hence -to leading order -the two adjacent large hills will be identical, the only difference being a change of sign in g. Of course, the argument may be repeated and a chain of large hills can be constructed (all with the same value of X and/a) where the ultimate behaviour, i.e. grow or decay, then clearly depends on higher-order terms. For further elucidation of the importance of this special value of p we refer to [9] . 
Case (iii)
a
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If second-order effects are neglected we might interpret this special case as a 'circulation shock': at one side of the viscous interlayer there is a certain rotation (g ~ 0) whereas at the other side there is no rotation at all and the velocity vector has only axial and radial components. For further details, see [9] .
Second-order results for s = 0
The theory presented above can be extended to higher order; indeed, Dijkstra [4A] has developed a complete second-order theory for the special case s = 0 and it is believed that secondorder results can be obtained in the same way for general values of the parameter s. The results of the second-order theory (s = 0) will now be presented. In the limit (4.1) we have for two adjacent large hills (Fig. 4.1) according to the leadingorder match theorem with s = 0:
The present author [4A] has shown that these relations are perturbed by an amount O~ 2) when second-order effects are included, e.g.
where the correction of order/21 represents the effect on f of the nonsymmetric shape ofg in the viscous interlayer. In addition this effect produces the following approximation to the value off at Po ( 
The constant Q is of fundamental importance in the theory of large hills since it also appears in the papers by Ockendon [7] and Bodonyi [2] . The reason for this is that the ratio (at Po) of the terms ff" and g2 in eq. 2.1 must have a particular value in the limit considered, otherwise the solution when continued from Po in positive x-direction explodes exponentially. In fact, it follows from (6.3) that at P0 (in the limit (4.1))
ff" = Q, (6.5)
The rotating-disk equations 149 2 where (4.7) has been used to replace 2kip 1 by .f". Another quantity, relating values at P0 and P1 (Fig. 4.1) , is
in which again the constant Q (6.4) appears. Note that the left-hand side in (6.6) is independent of the scales in f and g. The distance PoP1 (Fig. 4.1) , which is rr/(2/al) in first-order theory, involves logarithmic terms of the perturbation parameter when higher-order effects are incorporated. In fact there holds
This formula expresses the fact that the quantities A~ and As in eq. (4.2) are different from zero when second-order effects are considered. We conclude this section by stating some results relating quantities at infinity with large-hill parameters. The possibility of matching a large hill with the exponential decay at infinity was put forward by Ockendon [7] , see case I at the end of Section 3. The work necessary to establish the required relationship was performed by Kuiken x,~ f'(x) (6.9) where the upper sign will produce positive values ofg in the first large hill.
All the results listed in this section refer to the case s = 0 and their quality will be investigated in the next section where a comparison with numerical results will be made.
Comparison of theoretical with numerical results
The asymptotic results presented in this paper will now be compared with accurate numerical results calculated by Zandbergen [9] . In Section 7.1 the leading-order match theorem (4.13)
will be verified for some cases with s 4= 0 and in Section 7.2 the second-order results for s = 0 will be considered.
Z1 The case s=/:O
By continuing rotating-disk solutions for s = 1 + e through the disk Zandbergen [9] has calculated numerical solutions to the equations (2.1) in which sequences of large hills appear. From these solutions we have selected two cases for the present comparison. Remote boundary conditions will be ignored in this section since we will focus our attention on the interrelation between two adjacent large hills in the configuration of Fig. 4 .1. For the two cases considered the orders of magnitude of the parameters/a differ by a factor > 10 so that the errors in the leading order theory (which are 0(#2)) differ by a factor > 100. The actual comparison is made by arranging several relevant quantities in tabular form (Tables 7.1 and 7 .2) and it is clear that a large reduction of the error appears as the level of the parameter # is reduced: the errors are smaller if the hills are closer to the limit (4.1). This demonstrates the asymptotic nature of the present theory. On the other hand it will be clear that the theory provides a powerful means to penetrate analytically in regions where large hills (or sequences of large hills) are present. In fact the present theory can be used to avoid any numerical calculation for those regions in which/a is small enough
The case s = O
Zandbergen [9] has revealed the complete structure of multiple solutions to the rotating-disk problem (2.1) and it is now clear that e.g. for s = 0 there are infinitely many solutions to the Von Karman problem, each of which satisfies the boundary conditions at the disk and at infinity. It will be convenient to count the solutions from n = 1 onwards and to let n --1 correspond with the classical Von Karman boundary-layer solution. Then the solution fn(X) consists of fl(x) near the disk followed by (n-l) hills and the height of the hills grows asymptotically with a factor 4 (see Fig. 6 .1 for f3(x)). Beyond the last hill the solution merges with the exponential decay at infinity, viz.
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The numbers fn(OO) appear to have an accumulation point, indicated by f~(,,o), which corresponds to the limit-solution branch of the problem. An accurate value for f~(oo) can be obtained by applying a well-defined extrapolation technique to values for fn(,,~ ) with 1 ~< n ~< 7.
The numerical results for these values of n have been tabulated in Table 7 .3, where Xn and ta n refer to the largest hill in the solution (fn,gn).
According to the theory we must have
~,n/Xn-l =4 +O(ta2n) , tan_l/#n = 2 +O~2n).
where the error term with subscript n will be 4 times as small as at the level (n-l). Hence, we can apply Richardson extrapolation in precisely the same way as in the Romberg algorithm for the trapezoidal rule. The extrapolation for the ratio of the quantities X has been performed in Table 7 .4 and it is clear that the extrapolation is correct. The same procedure can be applied to the ratio of tan with a similar result. It follows that the quantities XntaZn can be extrapolated in the same way and one obtains lim ~. ta2 = (~ta2)~ = 0.02860302601.
/'/---+co n F/
In the same limit (6.8) becomes f®(~) = --1.209707087 (~ta2)Ira = --0.3699566901. On the other hand the datafn(OO ) may be extrapolated to the limit and one finds after removing terms of O(ju 2) and O(/14):
f= (oo) = -0.3699566902.
From the mutual agreement between theoretical and numerical results it can be inferred that (i) The accuracy of the numerical results is beyond all doubt (ii) The theory can take over when the numerical method becomes too laborious.
To illustrate these conclusions we finally present an explicit formula for fn(OO):
-fn(oo) = 0.3699566901 + 1.076226.4 TM + 2.3956.4 -2n + 4.5.4 -3n.
At n = 1, where the solution fl (x) does not contain any hill at all, this formula produces -fl(°°) ~ 0.859 (error 0.025) while at n = 3 the error is already at the level 10 -7 .
Concluding remarks
The theory presented in this paper is a powerful means to obtain insight into the behaviour of sequences of large hills or into possible solution-structures of the governing equations. It also demonstrates the power of the method of matched asymptotic expansions. Furthermore it furnishes an independent check on results obtained with some numerical method of solution. It is believed that the present theory can be applied also to the two-disk problem for large Reynolds numbers. It is planned to use the present results for the construction of the limit-solution branch for the single rotating-disk problem.
